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[Ipennmaraercs MeTroa, ¢  TOMOIIBIO  KOTOPOTO  MOXHO  OIPEACIUTH
KO3 PHUIMEHTHI )KECTKOCTH YINPYTUX KPACBBIX pedep IMHIUHIPHYCCKONW 000JI0UKU
B MEXaHUYECKOW CHCTEME TI0 JIBYyM COOCTBEHHBIM 4acTOTaM €€ OCECUMMETPUIHBIX
KoJIe0aHMiA.

BBEJIEHUE

KpyroBble mumHApUYECKUE OOOIOUKH SIBISIIOTCS AJIEMEHTAMHU CIIOXKHBIX MEXaHHUECKUX
CHCTEM, NIMPOKO HCHOJb3YEeMBIX B TEXHHKE. VI3BECTHO, YTO BEJIWYMHBI HKECTKOCTU
3aKpeIUIeHU KpaeBbIX pedep 000I04eK CO BpEMEHEM MOT'YT MEHSTh CBOM 3HAUEHUS B CBSI3H C
yCTAJIOCThIO MAaTEpUajoB U TEMIIEPATypHBIMH H3MEHEeHUusMU. [loaTomy, ompeneneHue
KECTKOCTEH 3aKpeIUIeHHMH KpaeB OOOJOYEeK BAKHO JUISI NPOBEPKU HAISKHOCTU DPAOOTHI
MeXaHMuecKko cucrtembl. OO OTHOCHUTENBHOM KECTKOCTH YHPYTHX KpaeBbIX pedep
IWIMHAPUYECKOM 00O0JIOUYKH Yallle MOXKHO CyAUTh MOCIe pa30OpKH MEXaHUYECKOH CUCTEMBI.
[TosToMy B Hacrosimiee BpeMsi pa3BHBAETCS HAIpaBICHUE, BO3HUKIIEE HAa CTBIKE TEOPHH
MEXAHU3MOB C aKyCTHKOH [1, 2], pemiaroiiee 3a1a4u OnepaTUBHOIO KOHTPOJS TEXHUUYECKUX
KOHCTPYKLUH 0e3 ux pa3oopku.

Llenbio HacTosiIeld pabOTHI ABISETCS OMNPEACTICHHE KECTKOCTH YMNPYTHX 3aKpeIUICHHUH
[MWIMHIPUYECKUX 000JO0YeK MO COOCTBEHHBIM YacTOTaM WX KoiieOaHwii. Panee momoOHas
3amada Juis 00OJIOYeK He perrajgach. BO3MOXHOCTH aKyCTHMYECKOTO TUAarHOCTUPOBAHMS
paccMaTpUBaIMCh ISl CTPYH, MEMOpaH, CTepXKHEH U mactul [3 — 7).

MaremaTrueckoe cozepkaHue npoodsieM kKonedaHuit 000I0YeK CBOIUTCS K PACCMOTPEHHUIO
JMHENHHBIX, OIHOPOAHBIX JU(QPEepeHINATbHBIX YPABHEHUH C OJHOPOIHBIMH KpAaeBBIMH
ycnoBusMu.  Koapdummentsl nuddepeHIuanbHblX  ypaBHEHUNA SBIAIOTCS  (PYHKUUSMH,
coJepXKaluMH B ce0e 4yacTOTy cBOOOAHBIX KojieOaHuil. BiausHue psga KpaeBbIX yCIOBUN Ha
BEJIMYMHBI COOCTBEHHBIX 3HAYCHUH 3a/1a4 KojeOaHHil 000JI0YeK HCCIeloBaloch B paboTax
[8 —15]. Opnnako, oOpaTHas 3aBUCUMOCTh — 3aBUCUMOCTh KpaeBBIX YCJIOBUH OT

COOCTBEHHBIX YaCTOT — B ATUX paboTax HEe paccMaTpUBAIACh.
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1. ITIPAAMAS 3AJAYA

[Tpexae yeM mocTaBuTh 0OpAaTHYIO 33a7ady — 3a/1a4y TUarHOCTHPOBAHHUS — PACCMOTPHM
BJIMSIHAE YTPYTOCTH 3aKpEIUICHHs] KPaeBhIX pedep Ha COOCTBEHHBIC 3HAUCHHSI 3aMKHYTBHIX
KPYTOBBIX OPTOTPOIHBIX HWIMHAPUYECKUX 00o0yiouek. 3amada 00 OCECHMMETPUYHBIX
KoJieOaHusIX O00O0JIOUEK C YNMPYyruMH KpaeBbIMH pEOpamu cBomutcs [10] K cmekTpaabHOM

3amaye

()= Ay(x)=0 (1)
C KpaeBBIMI/I yCJIOBI/ISIMI/IZ

V'(0)=y"(l)=0;

¥"(0)+ B, y(0)=0; (2)

y"(D=BI7y()=0.

3nece A — cOOCTBEHHOE 3HAUEHHE 3a/1a4l, KOTOPOE CBSI3aHO C YaCTOTHBIM MapaMeTpoM w
[10], B — oTHOcuTenbHas *KECTKOCTh pEOep; mpuueM B cedeHuu x =0 IMIMHAPUYECKOH

obosiouku uMeeM B, , B ceueHnu x =/ — B,.

Tak kak A'>0, To nOpu JByX MHHMBIX M JBYX JEHCTBHUTENBHBIX KOPHSIX
XapaKTEPUCTUYECKOTO YpaBHEHMs 00IIee pemieHne ypaBHeHHs (1) MOXHO TMpEeACTaBUTH B
BUJIC

y(x) = C, cosh Ax + C, cos Ax + C, sinh Ax + C, sin Ax.

CrangapTHIMU METOJAMHU C TIOMOIIBIO XapaKTEpPUCTUYECKOrO0 JeTepMHHaHTa [15]
HaXOAUTCS TPAHCLIEHIEHTHOE YpaBHEHHUE sl KpaeBoi 3anauu (1):

a’(l-coshacosa)+a’ (B, + B, )(sinhacosa —coshasina) +2B,B, sinhasina =0.  (3)

3necb a=Al — Oe3pa3MepHBI TapaMeTp, 3aBUCSIIMN OT BHAA  pPELICHUA
T QepeHIaIbHOTO YPaBHEHNST U KpaeBbIX yciaoBui. M3 ypaBHeHus (3) mpu pa3imyHBIX
3HAYCHUSAX OTHOCUTEIHFHON KECTKOCTH ONPEACISIIOTCS COOCTBEHHBIE 3HAYCHUS 3aMKHYTBIX
KPYTOBBIX IWJIMHAPUYECKUX OOosouek. Takoe BIMSHHE KpPAaeBbIX YCIOBUHM Ha BEITUYHMHBI
cOoOCTBEHHBIX 3HaueHHi Xxopomo u3ydeHo [10]. Msl paccMoTpuM 00paTHOE BIUSHUE —

BIIMSIHUE COOCTBEHHBIX YaCTOT HA KpacBbIC YCIIOBUA.

2. OBPATHAA 3ATAYA

[ToctaBum Kk mnpsiMON 3agaye OOpaTHYIO: IO COOCTBEHHBIM YacTOTaM CBOOOJTHBIX
OCECUMMETPUYHBIX KOJICOAHUI 3aMKHYTBIX KPYTOBBIX OPTOTPOIHBIX IMIMHIPHUUYECKUX
000JI0YeK HAWTH YIIPYTOCTh 3aKpeIIeHHs KpaeBbIX pedep. B TepMuHax crekTpanbHOM 3a1aun
(1), (2) 3amaua AMArHOCTUPOBAHUS COCTOMT B TOM, 4YTO IO H3BECTHBIM HEHYJEBBIM

COOCTBEHHBIM 3HaueHMsAM A, 3agaun (1) HaliTu HeuwsBecTHble KOd(GGUUMEHTHl B,, B,

KpaeBblx ycioBui (2). B Hacrosmeidt pabore HaiiieH METOA PpEIICHUS 3aJlayH,

A. M. AxTtamos, I'. ®. CaduHa
AnarHocTnposaHne OTHOCUTENbHOM XXECTKOCTU YNPYrMxX Kpaesbix pebep unmanHapuyeckoin 060a104ku
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COOTBETCTBYIOIIMI oO0memy ciyyato, korga 0<B,, <oo (T.e. JOIMycKaeTrcs U Ciy4ai

a0COJIIOTHO KECTKOTO 3aKPEIICHNU).
[TockonbKy YUMTBIBA€TCA MECTKOE 3aKpelyieHHe, TO KpaeBble ycnoBus (2) 3amauu (1)
IpaBUJIbHEE 3allUCcaTh B BUJIE:

y"(0)=y"(l)=0;
a,y"(0)+a,y(0)=0; (4)
b y"(I)=b,y(I)=0.

-3 _ -1, -3 _ —1
3necy B/ " =aya, ; Bl =bb . (5)
[Tpu abCONMOTHO KECTKOM 3aKpEIICHUH pedep B KPAaeBbIX YCIOBUSX (2) OCTAIOTCS TOJIBKO

BTOpbIE CllaraeMble. OJTOMY XK€ COOTBETCTBYyeT ciy4daii a, =0, b =0 B KpaeBbIX
yCIOBUSX (4).
0O0603Ha4UM MaTpHIly, COCTaBICHHYIO U3 KO (UIIMEHTOB KpAaeBbIX yCIOBH (4), uepes A:
a, a 0 0
0 0 —-b, b

2

a MUHOPBbI, COCTABJICHHBIE U3 i-I0 U j-TO CTOJIOLOB 3TOH MaTpuubl — vepes M, (i=1,2,3;

j=2,3,4).
B Takux o00o03HaueHusAX 3ajadya JUArHOCTHPOBAHUSA (HOPMYIUPYETCS  CIEAYIOLUIUM

oOpa3oM. I3BecTHbl OTJIMYHBIE OT HyJsl COOCTBEHHble 3HaueHus A, 3amauu (1), panr
marpunbl 4 paBeH 2, MUHOpPBl M, U M,, 5TOW MaTpuubl PABHBI HYIIO; HEU3BECTHBI
k033G buuueHTsl a,, a,, b,, b, kpaeBbIx ycnosuii (4). Tpebyercs BoccTaHOBUTh MaTpuly A ¢

TOYHOCTBIO JI0 JUHENHOI SKBUBAJIEHTHOCTH.

3. METO/I PELLIEHMSI OBPATHO 3AJIAUN

YactoTHOE ypaBHEHUE A KpaeBoil 3aaauu (1) HaxonauM cTaHAapTHBIMU MeTonamu [15].

[IpupaBHUBAs K HYJIIO XapaKTEPUCTHIECKUI IETEPMUHAHT A ; , OTyYUM
M fi(A)+ (M, =M ) f,(A)+ My f5(4,)=0; =12, (6)

rae f,(A)=2sinh Asin A/, f,(A)=A’(cosh Alsin Al —sinh Al cos A1),
f,(A)=A°(cosh Al cos AL -1).

Ilycte A4, u A, — naBa CcOOCTBEHHBIX 3HA4YEHMs CHEKTpainbHOH 3amaun (1), (4),
COOTBETCTBYIOIIUE TIEPBBIM JIBYM YaCTOTaM OCECHMMETPUYHBIX KosieOanui obosiouku. Torma

paBeHcTBa (6) MPEICTABIAIOT COOOM CUCTEMY JBYX YpaBHEHHMH OT TpeX HEU3BECTHBIX M,
(M,,—M,;), M,,. Ecnu panr cucrembl ypaBHEHUH (6) paBeH ABYM, TO CHCTEMa HUMEET

CAUHCTBCHHOC PCHICHUEC C TOYHOCTBIO JO0 TIIOCTOSIHHOI'O MHOKHUTCIIA. OHpCILeJ'II/IB BCC

A. M. AxTtamos, I'. ®. CaduHa
AnarHocTnposaHne OTHOCUTENbHOM XXECTKOCTU YNPYrMxX Kpaesbix pebep unmanHapuyeckoin 060a104ku
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HEU3BECTHbIC MHHOPBI M, MOXHO HaiTH Marpuily A C TOYHOCTBIO JIO JHHEHHBIX

HKBUBAJICHTHBIX MATPHIL, T. €. BOCCTAHOBUTH KpaeBbie yciioBus 3aaauu (1).

B mnpuBeneHHBIX HIKE TaOIWIEe W aUarpaMMax NpPEACTaBICHb W3MEHEHHs 3HAUCHHM
KECTKOCTH 3aKpeIUICHHs Ha OJHOM M3 KpaeBbIX pedep 0O00NOYKH B 3aBHCHUMOCTH OT
U3MEHEHUN COOCTBEHHBIX 3HAUEHUM criekTpanbHOU 3aaauu (1), (4). B HUX MOXHO yBUIETh

3aBUCHUMOCTh KOX((UIEHTa OTHOCUTENBHON KeCTKOCTU B, (Ipu (UKCHUPOBAaHHOM B;) OT

COOCTBEHHBIX 3HaUY€HUN A, U A, NaHHOW CIEKTPaJIbHOW 3ajauu.

Tabnuua 1. 3aBUCUMOCTb KOA(PPHUIIMEHTOB OTHOCUTEIBHOM KECTKOCTH OT
coOcTBEHHBIX 3HaYeHui 3anauu (1), (4)

Nej - B, B, Bun wacrotHoro ypaBHenus (6) Kopnu ypaBnenus (6):
A5 A,
1 1 0 L)+ £f,(4)=0 1,410843600;
4,739520795
2 1 1 Si(A)=2f,4) - f;(4,)=0 1,564153306;
4,748887841
3 1 2 2f,(4,)=3f,(4,)=-2f,(4,)=0 1,750140001;
4,758314548
4 1 5 5A(A4,)=6f,(4,)-5f,(4,)=0 2,124978866;
4,786924343
5 1 10 | 10£,(A4,)—11£,(4,)—-10f,(4,)=0 2,477953280;
4,835531486
6 1 50 | 50f,(4)=51f,(4)-501,(4)=0 2,477953280;
4,835531486
7 1 100 | 100 f,(4,)—101f,(4,)—100/,(4,)=0 3,622201070;
5,632310215
8 1 2000 | 2000 f,(4,)—2001f,(4,)—20001,(1,)=0 3,927120456;
6,979162672
9 1 o | fi(4)=f£,(4)=0 3,943181652;
7,071418764

A. M. AxTtamos, I'. ®. CaduHa
AnarHocTnposaHne OTHOCUTENbHOM XXECTKOCTU YNPYrMxX Kpaesbix pebep unmanHapuyeckoin 060a104ku
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141 156 1.75 212 2.48 3.35 3.62 3.93 473 475 476 479 4.84 523 563 6.98
cobCTBEHHOE 3HadYeHne CcoBCTBEHHOE 3Ha4YeHne
(a) (0)
Puc. 1. 3aBucumocts ko3dunuenta B, oT coOcTBeHHbIX 3HaueHuil A, (a) u 4, (0)
npu pUKCUPOBAHHOM 3HAYCHUU B,
3. IPUMEPHI

[IpumeHeHre MeTOla pACCMOTPHUM HEMOCPEACTBCHHO Ha MPUMEpax (Ui OnpeIeeHHOCTH
npumem, uto [/ =1).

IIpumep 1
ITycte A, =1,56153060, A, =4,748887841 — coOcTtBeHHble 3HaueHus 3agauu (1), (4),

COOTBETCTBYIOIIIUE IEPBBIM JIBYM COOCTBEHHBIM YacTOTaM OCECMMMETPUYHBIX KOJeOaHWN

obonouku. Heobxoaumo HaiiTu MaTpuily 4 ¢ TOYHOCTHIO 10 SKBHBAJEHTHBIX MaTpHII, T. €.

onpeAenuTh KO3PPUITMEHTH OTHOCUTEIBHOM KECTKOCTH YIPYTUX KPACBBIX pedep 000I0UKH.
Cucrema ypaBHEHH (6) MEPEMUIIETCS CIEAYIONUM 00pa3oM:

4,569260008M,, +9,485581903(M,, — M ;) —14,40190378M,, =0;
—115,3702577M,, — 6404,394755(M, — M ,,) +12693,41926M,, =0,

Pemenue cucreMsl uMeeT BHUA:

M, =-0,5000000030C ;
M, =—-0,5000000030C ; (7)
M, —M,; = C.

IIo pemenuto pasHocts M,, —M,, ABIAETCA NPOU3BOIBHOM INOCTOSHHOM. Tak Kak
M;#0,a M;=—a,, 10 a, #0 u b, # 0. Pazgenum nepsyro u BTOPYIO CTPOKH MaTPULIbI
A coorBercTBeHHO Ha a, u b,. Ilocae 5sTtux mnpeoOpa3oBaHMi (C TOYHOCTBIO 10O

HKBUBAJIEHTHBIX MAaTpPUL) MaTpULly 4 MOKHO NPEACTaBUTH B BUJIE

A. M. AxTtamos, I'. ®. CaduHa
AnarHocTnposaHne OTHOCUTENbHOM XXECTKOCTU YNPYrMxX Kpaesbix pebep LnmanHapuyeckoin 060104Kku
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Lot 00
o0 -15)

W3 nocnenneit Matpuusl ciepyer, uro M,; =—1, sHauur C=2 u M,, =1. Ilockonbky

3nece M,,—M,,=a,+b, M,,=ab,, To u3 paBeHcTB a, +b, =2, ab, =1 no obOparHoH

teopeme Buera nmeem, 4to a, =1 u b, =1. 3Hauur

1100
A= :
(00—11]

Hanee no dpopmynam (5) onpenenum Kod(hGHUIHUEHTH OTHOCUTENBHON JKECTKOCTH YIPYTHX

KpaeBbIX pedep muImHaApuueckoi odonouku: By =1, B, =1.

3amMeTuM, UYTO OTHOCHUTEJIbHBIC KECTKOCTH YIPYTUX KpaeBbIX pedep ompeaeneHbl BEPHO.

UYucna A, u A,, NIpUBEAEHHBIE BBILIE, COBNANAIOT C MEPBBIMU ABYMs KOPHAMHU YaCTOTHOI'O

ypaBHeHUs (6) MPpU 3HAYCHUAX

ay=1,a,=1,b=1,b=1,renpu M, =—1, M,, =1, M,;, =—-1, M,, =1.

IIpumep 2

ITycte  coOctBeHHble 3HaueHus 3azaud (1), (4) TtakoBel: A, =1,750140001 ;
A, =4,758314548 . Haiinem matpunyy A . B aTom ciyuae nosnydaem pelieHue cucteMsl (6) B
BUJIE:
M, =-0,6666667028C ;
M,, =0,3333333288C;
M,-M,,=C.

ITockonmeky M,, #0, 10 a, #0 n b, #0. IIpoBonsa aHamormyssle, Kak B mpumepe 1,
paccyxiaenus, nomryuum uro M,, =1, C=3, M, =1. Torna u3 paBeHctB a,+b, =3 un

ay,b, = 2 naxonum, uro a, =1, by =2 wm a, =2, b, =1. Matpuna 4 npumer Buz

11 0 O 21 0 0
A= nm A= .
(0 0 -2 IJ (0 0 -1 1]

3Ha4yuT, B 3TOM CiIy4ae HMMeeM cleAyrouye Kod(QQUIMEHTbl OTHOCUTEIbHON »KECTKOCTU
YIPYTUX KpaeBbIX pedep mmimmHapudyeckoil odomouku: B, =1, B, =2 wm B, =2, B, =1.
OTHOCHTENBbHBIE )KECTKOCTU YHPYTUX KpaeBbIX pedep ompeneneHsl BepHo. Uucna A, u 4,,
PacCMOTPEHHBIE B IPUMEPE, COBIAAAIOT C MEPBBIMU IBYMSI KOPHSIMHU YAaCTOTHOI'O YPaBHEHHUS

(6) mpu 3HAYECHUSIX

a,=1,a,=1,b=2,b=1wmM,=-2, M, =1, Myy=-2, M, =1.

A. M. AxTtamos, I'. ®. CaduHa
AnarHocTnposaHne OTHOCUTENbHOM XXECTKOCTU YNPYrMxX Kpaesbix pebep unmanHapuyeckoin 060a104ku
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IIpumep 3
PaccmoTpum cnenyromue codctBeHHble 3HadeHus 3agauu (1), (4): A, =3,141592654 u

A, = 6.283185307 . Cuctema (6) pu 9TUX 3HAUYEHUSX A, UMEET PELICHHUE:

M, =0,3238085777-10"' C;
M,, = 0,004236256425C ;
M,—M,=C.

ITockonsky M|, —M,, sABIIA€TCA NPOU3BOJILHOM IIOCTOSIHHOM, a M|, 3HAYUTENBHO OOJbIIE
(1a MHOXwmTenb 10'') OCTaNIBHBIX HEM3BECTHBIX, TO C JOCTATOYHO OONBIION TOYHOCTHIO
MOXHO CcuuTarh, yto M, =1,a M,, =0, M,—M,,=0. Tak xkak M,; #0, 0 a, #0 u
b, # 0. IIponenaB aHaJIOTMYHbIE, KaK B MPEABIAYLINX IPUMEPAX, AEHCTBUS C MaTpuLend A4, ¢
TOYHOCTBIO 10 SKBUBAJICHTHBIX MaTPUL] IIOJIy4YUM

l a 0 0O
0 0 -1 p

A=

W3 ycnosuii paBencTBa Hymo M,, u M, —M,; nmeem, 4yto a, =0 u b, = 0. Torna marpuua
A mpumer BUA:

1 000
0010

3HayuT, KOI(PQUIMEHTHl OTHOCHUTEIBHOW  JKECTKOCTH  YIPYTHX  KpaeBbIX  pelep

LUJIMHIPUYECKON 000JI0UKH caenyomue: By =o n B, =o.

CHoBa 3aMeTHM, YTO OTHOCHUTEJIbHBIE JKECTKOCTH YIPYIMX KpaeBbIX pedep omperaeseHbl

BepHO. Uncna A, u A,, pacCMOTpEHHbIE B IPUMEPE, COBHAJAIOT C IEPBBIMU JABYMs KOPHIMU
4aCTOTHOTO ypaBHeHus (6) npu 3Havenwsax M, =1, M, =0, M,,=0, M,, =0. Oror

OpUMEp TMOKAa3bIBAaeT, YTO, 3Has NepBble JBE COOCTBEHHbIE YacTOTHI OCECHUMMETPUYHBIX
KOJICOAHUH IWIMHAPHUYECKON O0OOJOYKH, PACCMOTPEHHBIM METOJ0M MOXHO ONPEACIHTh U
a0COJIOTHO XKECTKOE 3aKpEIUICHHUE €€ KPaeBbIX pedep.

[IpuBeneHHbIE BBINIE MPUMEPHl MOKA3bIBAIOT, YTO PACCMOTPEHHBIM METOIOM MOKHO
OTIpeNIeNIUTh JII0Oble 3HAaYeHHs KO3(P(PUIMEHTOB OTHOCUTEIBHOM >KECTKOCTH YNPYTHX
KpaeBbIX pedep MUIUHAPHUECKON 000JI0UKH.

A. M. AxTtamos, I'. ®. CaduHa
AnarHocTnposaHne OTHOCUTENbHOM XXECTKOCTU YNPYrMxX Kpaesbix pebep unmanHapuyeckoin 060a104ku
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3AKIIIOYEHUE

V3MeHeHHsT YUCIICHHBIX 3HAYEHWH YacTOT KoyieOaHWil 000JI0UeK CBHUACTEIhCTBYIOT 00
M3MEHEHUSX JKeCTKOCTH 3aKpeIUieHuH MX KpaeBbIx peOep. PemieHHast 3amaua onpenencHUs
OTHOCHUTEIILHOM KECTKOCTU YMPYTUX KPAEBBIX pedep MUWIMHIPHIECKON 000JI0YKH TO3BOJISET
JMUArHOCTHPOBATh IKECTKOCTh €€ 3akpervieHwil. HaiineHHsie ¢GopMynbl JaloT Crmoco0
OTpeseNieHUs] OTHOCUTEIIbHON JKECTKOCTH MO TEPBBIM JABYM COOCTBEHHBIM YacTOTam
OCECUMMETPHUYHBIX KoJiebanuii oOomouku. I[Ipudem, pacCMOTPEHHBIM METOJAOM MOYKHO
OTIpPEACIUTh, M a0COMIOTHO JKECTKOE 3aKperuieHHe KpaeBbix pebdep. Kpome toro, sror xe
METOJT MOXET ObITh MNPUMEHEH IS JAUAarHOCTUPOBAHUA KOIPPUIMEHTOB KECTKOCTH
3aKpeIJICHU CTEp)KHEH, TaKk Kak 3afadya 00 W3TMOHBIX KOJEOAHUSX CTEPXKHS CBOAMTCA K
CIEKTpaJIbHOM 3a/1aue, aHaJoru4Hou 3agaue (1).
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