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MexaHW4YeCcKne CHUCTEMBI, COCTOSIIHAE W3 TeJI C MacCaMH, COCIUHEHHBIX
MpY>KUHAMU, SBISETCS COCTAaBHOM YaCThI0O MHOTHUX TEXHHUYECKHX KOHCTPYKIIHUH,
HaxXxOJIIMX IIMPOKOEC TMPUMEHCHHE B Pa3IUYHBIX OOJIACTSAX JIEATEIBHOCTH
yenoBeka. V3BecTHO, 4TO KOI(PPHUIMEHTHI KECTKOCTU TPYNKHUH U O0OOOIICHHBIE
MacChl CO BPEMEHEM MOTYT MEHSATh CBOW 3HAUCHHUS B CBS3HM C W3HOIICHHOCTHIO.
[Toatomy ompeneneHre KO3PPUIMEHTOB KECTKOCTH MPYKUH U 000OIICHHBIX Macc
BOXKHO JUISl TIPOBEPKH HANECKHOCTH pabOThl MEXaHW4YeCKOW cuctembl. OO0 3TUX
XapaKTepUCTHKAX Yallleé BCEr0 MOXKHO CYAMTH TOcCJe pa30OpKu YCTPOHCTBA, HO
9TOT TPOIECC MOXKET OBITh OMACHBIM, TPYAOEMKUM, JOPOTOCTOSIIIAM U MOMKET
MPUBECTH K HapylleHHIO NpupadboTku netaneid. [losTromy B HacTosiiee Bpems
WHTEHCUBHO PAa3BUBACTCS aKyCTHYECKOE JUArHOCTUPOBAHWE, PEIIaoIiee 3aJauu
OIIEPaTUBHOTO KOHTPOJISI TEXHUYECKUX KOHCTPYKIIMI MO COOCTBEHHBIM YacTOTaM U
amruutynaMm e€ kojebaHuil. B HacTosiell cTatbe mpeasnaraeTcs MeToJ, KOTOPBIA
MO3BOJISIET BOCCTAHOBUTH KOA((DHUIIMEHTHI KECTKOCTH TPYKUH U 00O0OIIECHHBIE
MacChl B MEXaHHYECKOW CHCTEME C JBYMS CTENEHSMHU CBOOOIBI MO 3HAYCHUSIM
COOCTBEHHBIX YaCTOT W aMILIUTY1aM €€ KoJieOaHuH.

KitoueBbie cnoBa: HepaspymIAIONIMN KOHTPOIb, AaMIUIMTyna KojeOaHus,
cOoOCTBEHHBIC YAaCTOTHI, KO DHUIIMEHTHI KECTKOCTH MPYKUH, 000OIIICHHBIC MACCHI.

BBEJIEHUE

B nacrosimiee BpeMs MOJIY4YWJIO HIMPOKOE Pa3BUTHE HAIpaBlieHHWE, BOZHUKIIEE Ha CTHIKE
TEOpPHH MEXAaHU3MOB C aKycTHUKoW [1-3], pemaromee 3amaum Oe3pa30OpHON IUATHOCTUKH
TEXHUYECKUX KOHCTPYKIMH. DTO HaNpaBJICHHE HA3bIBACTCS AKyCTUYECKON IMArHOCTHKOM.
OHO MO3BOJISET NPU JUATHOCTUPOBAHUY KaKON-IMOO0 HEIOCTYIHOM JIJIsl BU3YalIbHOTO OCMOTpa
YacTH MEXaHMYECKOH YCTaHOBKH CJIOKHOM CTPYKTYpbI MPOBOIUTH aHAIN3 €€ TEXHUYECKOTO
COCTOSIHUS, HE HCIIONIb3Ys IOPOTOCTOALIYI0 pa300OpKy M He Hapylas NpupabOTKy HeTalie.
D10 ynoOHBIH 1 HanboJiee 6€30TMacHbIi CrIoco0, He TPEOYIOTNi OOIBIINX 3aTPaT BPEMEHH.

Panee Teopernueckue 3aayMl aKyCTUYECKOTO IHArHOCTUPOBAHUSI CUCTEM, COCTOSALIUX W3
Tel, COCNWHEHHBIX MpYyKWHAMHU, pemanuck B [4,5]. B astux pabGortax Obuin HalieHbI
KOO PHUIMEHTBI JKECTKOCTU MPYXKHUH C,, CYMTas MAacChl TENl m, W3BCCTHBIMU. B Hamieil xe
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CTaTb€ MBI CUHMTACM HCHU3BCCTHBIMU KaK Cj, TaKk H mj . Taxxe HOIIOGHI:IC 3aJa4n

paccmaTpuBanuch B [6—10], rae npoBoAMIN aKyCTHUECKYIO TUAarHOCTUKY 3aKpEIUIEHUH CTPYH,
MeMOpaH, CTep)KHEH, IUTACTUH U MUINHIPHUIECKUX 000JI0YECK.

1. ITPAMAS 3AJJAYA

[Tpexe yeM noCcTaBUTh OOPATHYIO 3a/1a4y, HATOMHUM TMPSIMYIO.

OO6uwmii Bux muddepeHraibHbpIX YPaBHEHUH JABIKEHUS MOXKET OBITh MOJy4YeH B dopme
ypaBHeHHii Jlarpanxa, KOTOpble pU KOHCEPBATUBHBIX CHJIAX MMEIOT M3BECTHYIO M3 Kypca
TeopeTHueckor Mmexanuku ¢opmy [11, 12]:

d|oT | oT oll
alag ) ag " o TR (1)
t\04,) oq;, oq;

J

Taxxe HU3BCCTHO, YTO IPU MAJIBIX ABUIKCHUAX TOJJOHOMHOM CHCTEMEBI CO CTallUOHAPHBIMU
CBA3AMU OKOJIO ITOJIOKCHHA PABHOBCCHA KHMHCTHUYCCKAsA SHCPIus B KaHOHUYECKOM (bopMe n

MOTCHIMATbHASL JHEPTHS CICAYIOINIMM 00pa3oM BBIPAXKAIOTCA 4Yepe3 0000IeHHbBIE

KOOpJIMHATHI:
1L 2 1
T=gzaﬂj’ HZE 2.4,k (2)
j=1 k=1
rme T m [l — KuHETHYECKas W TOTEHUHMAIbHAas OHEPTHHM, ¢, — OOOOMIEHHbIE
KOO PHUIMEHTBI JKECTKOCTH HIIM KBasUynpyrue KodQQUIMEHTHI, a;, — KOIPOHUUMCHTHI

WHEPIMHM WIA WHEPIIMOHHBIC KO3 QUIIMEHTh! (MHOT/Ia X HAa3bIBAIOT Takke 000ONMIEHHBIMU
MM [PUBCIAEHHBIMU Maccamu), ¢; M ¢; — OOOOUIEHHBIE KOOPAMHATHI M OOOOLIEHHbIC

ckopocTH, ;= 1,2 — HOoMmep KoopAauHAaThl. Uncio creneHeil cB00O0 bl paBHO JIBYM.

Ecin cooTBeTcTByIOIEE HYJIEBBIM 3HAUEHUSIM KOOpPJAMHAT IIOJIOKEHHE PAaBHOBECHS
YCTOWYMBO, TO MOTEHIMAIbHAs D3HEPIUs B 3TOM IOJIOXKEHMM HUMEET HW30JIMPOBAHHbBIN
MHUHHMMYM, a BTOpO€ U3 BBIpaKEHHUH (2) €CTh MOJIOKUTENBHO OIpe/eséHHas KBaJIpaTH4Has
dopma. 11 3TOro HEOOXOJUMO U TOCTATOYHO, YTOOB! BHIMONHsICS KpuTepuilt CunbBecTpa. B
9TOM cily4yae CHCTE€Ma, BbIBEJICHHAs U3 TOJIO)KEHUS PaBHOBECHUS, COBEpIIAET CBOOOIHOE
kosneOanue [13].

[ToncraBuB BbIpakeHHst (2) B ypaBHeHHe JlarpaHka, MOJXy4YMM CIEIYIOIIYI0 CHUCTEMY
JUHENHHBIX OJTHOPOJIHBIX YPABHEHUH € OCTOSHHBIMU KO3 (hUIIMeHTaMU:

a‘,qﬁzc‘,qu =0, j=1,2. (3)
k=1

Eciu ycinoBue ycTOMYMBOCTH PaBHOBECHS BBIMIOJIHEHO, TO 00IEe PEIICHUE dTOM CHCTEMBI
G hepeHIMATBHBIX YPaBHEHUH HMEET BU/I:

6, =3, Aysinlis+f). =1.2 @

re k; — COOCTBEHHBIE YaCTOThI, A, — aMIUIMTY/IbI KONeOaHui (IIEPBbIi MHIEKC O3HAYAET
HOMEDP KOOPAUHATHI, @ BTOPOH — HOMEP COOCTBEHHOM YaCTOTHI).
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[Ipy mnojcTaHOBKE YAcTHOrO pelieHus B ypaBHeHHe (3), TMOIy4YHMM CHCTEMY

anre0pandecKux ypaBHEHUH, OJHOPO/IHYIO OTHOCUTENIbHO HEM3BECTHBIX aMmntys A, Ilpu
KOJIEOaHUAX BCE A,; HE MOTYT PaBHSATBHCS HyJIIO; MOITOMY, COTJIACHO OOUIEMY CBOHCTBY

OIHOPOJHBIX CHCTEM, [JOJDKEH PAaBHATHCS HYJIO OIPEACIINTENb, COCTABICHHBIA U3
k03 unmeHToB 3TOM cuctemsl. [IpupaBHAB ONpenenuTeNs K HYJIO, MOJYYHMM YacTOTHOE
ypaBHEHHUE, PEIIUB KOTOPOE, HaWJIEM CIEKTp COOCTBEHHBIX 4acTOT. [l paccMaTpuBaeMbIX
CHUCTEM, COBEPINAIOIINX JIBHKEHHE OKOJIO COCTOSHHsI YCTOMYHMBOIO PaBHOBECHS, BCE KOPHU
ATOr0 YPaBHEHHSI BEIIECTBEHHBI U ITOJIOKUTEIIbHBI.

OTa Xe CHCTeMa IO3BOJISICT BBIPA3UTh BCC aMILINUTYAbI Aji qcpes KaKYIO—J'II/I6O OIHY U3

HUX, HampuMep uyepe3 nepByro. KaxkaomMy KOpHIO 4YacTOTHOIO YypaBHEHHMs Oyzer
COOTBETCTBOBAThH CBOSI COOCTBEHHas (hopMa, onpeeisieMas OTHOLICHUSAMU:

A

_ 21
ZZi_A_“9i=1,2. (5)

Tak pemraercst npsimas 3ajaua OIpeeIeHUs] COOCTBEHHBIX YacTOT U aMILIUTY ]l KOoJleOaHUH
MEXaHUYECKOM CHCTEMBI C M3BECTHBIMU Mm,, M,, C,, C,. B Hacrosuee BpeMs 3Ta 3anada

JIOCTAaTOYHO XOpoIio u3ydena [11].

2. IOCTAHOBKA OBPATHOI 3AJAUU

PaccMOTpuM MEXaHHYECKYI0 CUCTEMY C JIByMsl CTENEHSIMH CBOOOJIbI, COCTOSIIIYIO U3 JIBYX
TeJ C MaccaMd m, W m,, COCAMHEHHbIX JABYMs INPYXHHAMM, >KECTKOCTU KOTOPBIX
COOTBETCTBEHHO paBHbI ¢, U ¢, (cM. puc. 1.). IIpyxunsl Oynem cuurath 6€3MacCOBBIMU. 3a
000011IeHHbIE KOOPIUHATHI ¢,, ¢, NPUMEM TOPU30HTAJbHBIE MEPEMEIICHUs X,, X, I'PYy30B,

OTUUTBIBAsA OTU IMCPEMCHICHUA OT COCTOSAHUA PpPAaBHOBCCHUSA, B KOTOPOM IIPYKHUHBI HC

nedopmupoBansl. [IpeHedperaeM neiicTBHEM CHIT TPEHUS.

Puc. 1.

cl c2 Mexannyeckast cucTeMa

Chopmymnupyem Temepp 00paTHyiO 3aady. AMIUIMTYAbl KoneOaHuii A, W CHEKTp
COOCTBEHHBIX 4acTOT k; HaM H3BECTHB. TpeOyercs HaWTH KO3 UIMEHTH KECTKOCTU

NPYXHH C; ¥ Maccel Tl m,, tae j,i =1,2.
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3. METOJI PEILIEHMS OBPATHOM 3AJIAUN
JanuiieM I8 UCXOJAHOM MEXaHMYEeCKOW CHUCTeMbl ypaBHeHUs (3), I0JIOXKUB
4 =X @ =%

mX, +c¢x, —c, (x2 -x,)=0,
. » (6)
myX, + ¢, (x, —x,) =0,
rne a, =m;, a, =m,, ¢;; =C +Cz, Clp =7Cyy Cyy =—Cy, Cyy =Cy.
[ToncraBuM  yacTHOE — pelieHHe  cucTeMbl  JuddepeHnuanbHbIX  ypaBHEHHH

q,=4; sin(kit + B, ), COOTBETCTBYIOIIEE COOCTBEHHOH YacToTe K, , B JAHHYIO CUCTEMY:

_m1k12A11 +(¢ +¢,))4, — ¢4, =0,

2
—myk; 4, — ¢, 4, +¢,4,, =0,

> (7
—mky A, + (¢, +¢,) A4, —¢,4, =0,
_m2k22A22 — ¢4, +¢,4,, =0.
[lepenumem (7) B BuzE
—k12A11m1 + 4,6+ (4, — 4y)c, =0,
—k12A21m2 + (A4, — 4,,))c, =0, )

_k22A12m1 +¢ 4, + (A4, — Ay)e, =0, .
_k22A22m2 +(4,, — 4,)c, =0.

[Tomyunmu  cucTeMy YeTBIPEX JIMHCHHBIX OJHOPOJHBIX YpPaBHEHUH C  YETBHIPHMS
Hen3BecTHbIMH. OJHOPOIHAS CHCTEMa BCErJa COBMECTHA, TaK Kak OHA MMEET TPHUBHAIBHOE
pemrenne. [IOCKONBKY paHT MaTpHIBI 7 HE MOXKET IPEBOCXOIWTH pa3Mepa MaTPHIIBI
0<r< min{n,m}, rJIe m — YUCIIO YPaBHEHHWH, 7 — HEHM3BECTHBIX), TO, OYCBHJIHO, YTO
r<4. Ecm r<4, To cucTeMa JTUHEHHBIX OJHOPOIHBIX ypaBHEHUH UMeeT OeCcUHCIIEHHOE
MHOKECTBO perieHuid. Ecmu 7 =4, TO COOTBETCTBYIOMIAs CHCTEMa HMMEET CIUHCTBEHHOEC,
npu4éM TPUBHAIBHOE PEIIeHUE. DTH JIBa CIIy4asi HAC HE HHTEPECYIOT.

[IpeanonoxuMm, 4TO0 OAHO W3 3HAYeHWH m,, m,, ¢, ¢, (m #0,m,#0, ¢,20,¢c, #0)
HaAM W3BeCTHO. Torma OylaeM HWMETh CHUCTEMY UYeThIpeX JIMHEHWHBIX alreOpamdecKux
HEOJTHOPOJHBIX ypaBHGHHWH C TpeMs HeusBecTHbIMH. CorilacHo Tteopeme Kponekepa-
Kamennm, monydeHHass cucremMa OyJIeT COBMECTHA TOTJa M TOJBKO TOT/A, KOTJa paHT
pacHIMpEeHHON MATPHIIBI CHCTEMBI paBEH PaHTy OCHOBHOM MaTPHIIBI.

JlomycTrM, 94TO HaM W3BECTHO 3HA4YeHHUE 1, . PacmmpenHas MaTpHna B 3TOM ciaydae Oyner

HUMCTDb BH]

A. M. AxTtamos, . . Tapunosa
OnarHocTupoBaHMe MexaHWYyeckoW CUCTEMbl C ABYMs cTeneHsiMuM cBob6oAbl MO COB6CTBEHHbIM YacToTaM W
amnnuTyaam eé konebaHumn



DNEeKTPOHHbIN XypHan «TexHuyeckas akyctmka» 2008, 13 5(7)

0 A4, A, -4, klellml

—kld, 0 —A,+4, 0
0 4, A,-4, k22A12m1
- k22A22 0 Azz - A12 0

[IpeoGpasyem 3Ty MaTpuily K BULY

_kleZI 0 -4, +4, 0
0 4, 4, — 4, k12A11m1
A A, —A,,A )
0 0 214112 224M11 m1A12 (k22 _kIZ)
4,
0 0 / 0

A22A11k22 B A21A22k22 B A21A12k12 + A22A21k12
k12A21

Tak kak mo ycnoButro c, #0, cineposarensHo [ =0. Ilonyunnu HyJIeByIO MOCIEIHIOKO

rae [= . B mocnenneit crpouke umeem lc, =0.

CTpouKy. PaHr MaTpuIiibl paBeH KOJWYECTBY HEHYJIEBBIX CTPOK, TO €cTh TpEM. PaHr ocHOBHOI
MaTpulbl Takke paBeH TpéM. CliejoBaTeIbHO, CUCTEMa COBMECTHA. A TaK KakK paHI paBeH
YHCITy HEM3BECTHBIX, TO Y CUCTEMBI OyIeT eAMHCTBEHHOE penieHue. K aHagoruuHomy BbIBOAY

MBI IpUAEM, eciid OyJIeM CUMTaTh, YTO U3BECTHBI MO0 m,, 1100 ¢, , 1Mo c,.

Takum o6pa3om, HaM yJIanoch NOKa3aTh, YTO €CJIM OAHO M3 3HAYeHUH m,, m,, ¢, C,
(m #0,m,#0,c, #0,c, #0) U3BECTHO, TO OCTaIbHbIE OJHO3HAYHO OIPEAECIAIOTCS II0
Habopy COOCTBEHHBIX YACTOT U aMILIUTYAaM KosleOaHUI MEXaHUYECKOH CHCTEMBI.

B xoze BblUMCIEHUI ObLIM MOIYYEHBI cleayouue pacuéTHele Gopmyiisl. Eciu u3BecTHO
m, , TO

_ mlAlen(kzz _k12) e = k12A11m1 —(4,, — 4,,)c, - (4, —4y)e, |

cz s 1 H 2
A21A12 - Azz A11 A11 - kleZI

b

my:

_ A21k12m2 c = kZZAIZCZ(All _A21)+k12A1102(A22 - 4,) P —Ay¢, — (4, — 4,))c, |

c ) - )
’ AZl - All 1 A11A12 (k12 - kzz) 1 - klell
C
c. = AllAIZCl(k22 _klz) - (4, — 4,))c, m — — A ¢, — (A4, — Ay,
2 ) 2 = 9 1 — )
kzzAlz(Azl - An) + k12 A11(A12 - Azz) - k12A21 - k12A11
Cy:

_ kzzAlzcz (4, - A21)+k12A1102 (4, — 4,,) P (4, — 4,))c, m = — Ay e, — (4, — 4,)c,
s Ity s 1T :
A11A12(k12 _kzz) _klezl _k12A11

1
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4. ITIPUMEP

IlycTh M3BECTHBI COOCTBEHHBIE 4acToThl k. ~ 0,725, ki ~8,275, a Taxke aMIUIUTYIbI
xkonebanuii A, =1, A, =1, 4, =1569, 4,, =-0,319 . Haiiném xoddpdurmenTs
KECTKOCTH MPYXKUH C,, C, U MACChl T€Il m,, M, .

[ToncraBuM U3BECTHBIE HAM JaHHBIE B cucTeMy (8):

—0,725m, +¢, —0,569¢, =0,
—-8,275m, + ¢, +1,319¢, =0,
-1,137m, +0,5687¢c, =0,
2,637m,-1,319¢, = 0.

Orta cuctema OyJIeT UMETh HEHYJIEBOE PElIeHHE TOJIBKO TOT/Ia, KOraa OyJeT U3BECTHO OJTHO
U3 3HadeHuit m;, m,, ¢, ¢, (m #0,m,#0, ¢, #0, c, #0). Tak, Hanpumep, eciu Oyaer
U3BECTHO, YTO ¢, =4, TO MOXXHO HAalTH, YTO

_ kzzAlzcz(An —4,) +k12A1102 (4, — 4,,) _
A11A12 (k12 - kzz)

3a m2 = (Al_ll:;ilﬂ)cz =29
1721

1

—A,,¢, — (4, — 4,))c,
_k12A11

m, = =1. (AHanoruyHo ¢ c, ).

Te ke pe3yabTaThl MOXKHO HOIYy4UTb, 3HasI TMO0 m,, TM00 m,.

3AKJIIOYEHUE

Pemennas 3azavya mo3BojsieT AMAarHOCTMPOBATH MEXAHMUYECKUE CHUCTEMBbI, COCTOSIIUE U3
TeJ, COeNMHEHHBIX MNpykuHamu. HaiineHHsle QopMynbl JarOT cHoco0 onpeaeneHHs
HEHM3BECTHBIX Macc U KO3(PPULUEHTOB KECTKOCTU NPY>KUH MO HAOOPy COOCTBEHHBIX YacTOT U

aMILTUTYAaM KoJIeOaHuH.
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