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An excitation/filter system of inharmonic sound synthesis signal is presented
with an application to piano, a stiff string instrument. Specific features of the piano
string important in wave propagation, dispersion due to stiffness, frequency
dependent losses, presence of phantom partials and thump noise are included in the
proposed model. The modified narrow bandpass filter is used as a basic building
block in modeling the vibrating structure. The parallel banks of narrow band pass
filters known as Inharmonic Dispersion Tunable Comb filter is used to model the
dispersion. The center frequencies of narrow bandpass filters can be tuned to
follow the same relation as the partial frequencies of piano tone. Novel loss filter is
designed to implement frequency dependent losses. The resulting model is
simulated using MATLAB which works as a Virtual Piano.
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INTRODUCTION

Basic wave shape such as sine, square and triangle play an important role in digital signal
processing applications. If we play a sine wave it is a pure tone. A real music is much more
complex. A tone on a real instrument is not a single frequency but the sum of many
frequencies with different amplitudes.

A complex tone can be harmonic or inharmonic. A complex signal is called the harmonic
signal if all the frequencies are integer multiples of fundamental frequency f, that is the

lowest frequency of the signal. Various harmonics of this signal can be calculated using
following equation:

fn = rTl:O ! (1)

where n is the number of harmonic.

In case of inharmonic signal the frequencies of harmonics are not exact integral multiples
of the fundamental frequency. The stiffness of the strings results in inharmonic sound. For
e.g. the sound waves generated from the struck or plucked type of musical instruments.

The sound of piano is inharmonic in nature [1]. Due to stiffness of the string the waves are
dispersed. The partial frequencies of transverse vibration of piano string [2] are given by
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f =nf,W1+Bn?, (2)

where B is known as inharmonicity coefficient given by

B 7°Qd*

6417
where n is the partial number , Q is the Young’s modulus, d is the diameter of the string, | is
the length of the string , T is the tension of the string.

Typical values of B for piano strings lie roughly between 0.00005 for low bass tones and
0.015 for the high treble tones.

The sound generated by the piano strings is very complicated. The sound builds up rapidly
and decays slowly. Moreover, partials decay at different rates. The spectrum varies over time
and differs from key to key; at the bass end over 50 partials can be extracted while at the
treble end the corresponding number is only about 3 or 4. Other important phenomenon in the
piano sound is the beating, which results from unison groups of strings. If multiple strings are
tuned to exactly equal frequencies, no two stage decay occurs. If these are tuned to pitches
more than 1 or 2 Hz apart they sound simply out of tune. In order to obtain two stage decay
rate in the piano model output, one must set the tuning of the strings to some small fraction of
a Hz apart (Kirk, 1959) [3]. Jaffe and Smith, 1983 used all pass interpolation method to obtain
fractional tuning. Piano spectra for low-pitched notes also exhibit a number of partials known
as phantom partials. These are caused by nonlinear coupling between the longitudinal and
transverse vibrations of the strings and are perceptually important. [4].

This paper is primarily concerned with synthesis of inharmonic tones of piano. In this
paper, a musical instrument will be said to be percussion instrument whenever the sound it
produces results from the free vibration of a structure or medium that has been set into motion
by a short excitation. Inharmonic dispersion tunable comb filter is presented to model stiff
string of piano. Source signal for this model is assumed to be an impulse. Our contribution
focuses mainly on dispersion due to stiffness, frequency dependent losses and presence of
phantom partials.

, 3)

1. PROPOSED DESIGN

1.1.  Theory

Band pass filter can be implemented using FIR as well as IIR filters. Several simple IIR
filters can be designed with first order and second order function. Systems like Digital
Oscillator or Digital Resonator can be used to generate a sinusoidal wave which is a basic
building block of any sound wave. To achieve the band pass filter with extremely narrow
band you need to have very high order of FIR filter. Using IIR filter the band pass filter can
be designed with comparatively very low order but there are limitations on the narrow width
of the pass band that can be achieved.

It is necessary to find the method to get the narrower pass band generating a sine wave as
an impulse response which can be used as basic building block in synthesis process of
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musical sound. Transfer function of bandpass filter is modified in the proposed method.
Transfer function of bandstop filter is given by equation (4) [5].

(l+a)1-2p27"+27)

Hegs (2) = ,

s (2) 2(1- Bl+a)z ™ +oz ™) @
w, =Cos™' f3. (5)
The pass band width is given by

2a
Aw=cos| ——|.
@ = COS ((1+a)2J (6)

Conventionally bandpass filter response is equivalent to the inverse response of bandstop
filter. Using the fact that inverse system corresponding to a transfer function H(z) is denoted

by H™(z) and is defined as
1

H*(z)=——.
@) =4 @ (7)
The modified transfer function of the second order bandpass filter can be written as
20-pBl+a)z +az?
_21-pA+a) ) -

modifiedBP (1+a)(1_2ﬂz—l + 272

Figure 1 shows the structure of modified bandpass filter.
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Figure 1. Structure of modified second order bandpass filter
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1.2.  Design of inharmonic dispersion tunable comb filter and loss filter

The modified narrow bandpass filter is used in modeling vibrating string of piano. The
model consists of bank of these filters. The center frequencies of Inharmonic Dispersion
Tunable Comb Filter are tuned to follow the same relation as the partial frequencies of
equation (2).

Varsha Shah, Rekha S. Patil
Virtual piano using inharmonic dispersion tunable comb filter



Electronic Journal «Technical Acoustics» 2008, 17 4 of 7

The partials of piano tone decay at different rates and the higher partials die down at a
faster rate. Frequency dependent losses [6] are further incorporated using modified loss filter
design.

The single pole loss filter is designed to generate a decaying envelope. The rate of decay
depends on the relative partial number. The transfer function of novel single pole loss filter
which is designed to have impulse response of decaying amplitude is

1
H . .=——— wherea<l]. 9
loss 1_e7a271 ( )

Impulse response of every narrow band pass filter is multiplied with an impulse response

of the modified single pole filter which is given in equation (9).
The value of ‘a’ is calibrated as

a=050F" (10)

where p is the total number of partials, n is the number of partial of which envelope is to be
obtained, d is the parameter which decides the decay rate.

The synthesized tone using above method is further processed to incorporate the effect of
phantom partials. Phantom partials are obtained by multiplying the synthesized signal S(n)

with one of its componentsS_(n). The piano tone with phantom partials is synthesized using
equation (11).

S(n)=8(n)+gS(n)S.(n), (11)

where g is the gain.

Thump or knock noise is added using concatenating synthesis. An additional signal
component is generated using FM synthesis technique. The duration of this segment is kept
too small as compared to the above synthesized signal. This segment is concatenated in the
beginning of the above synthesized signal.

Complete block diagram of the model of stiff string is as shown in figure 2.
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Figure 2. Block Diagram of the model of Single Stiff String
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The designed Inharmonic Dispersion Tunable Comb filter with loss filter is driven by delta
function which is used as a common excitation signal for generation of any piano tone.
Impulse response and power spectrum of the filter are plotted to verify the inharmonic nature
of the signal. Audibility test was conducted to know the quality of synthesized tones of piano.
Subjects who knew about the timber quality of piano participated in the test.

2. RESULTS

Time domain representation and spectrum analysis of the synthesized tones is shown in
figures 3 to 7. Fundamental frequency of the synthesized tone is set to 146.8 Hz. The effect
of dispersion and frequency dependent losses present in the synthesized tones can be observed
from the power spectrum and the time domain representation respectively. Figure 3 shows the
decay rates of fifteen different partials of synthesized tone. Figure 4 and 5 show time domain
and power spectrum of the synthesized tone without phantom partials respectively. Figure 6
and 7 show time domain and power spectrum of the synthesized tone with phantom partials
respectively. Audibility tests were also conducted using synthesized inharmonic tones.
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Power Spectrum of synthesized tone without phantom partials
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Figure 5 shows the spectrum of synthesized signal which is inharmonic and the frequency
components of the spectrum are not equidistant. Figure 7 when compared with figure 5 shows
the introduction of phantom partials in the synthesized tone.

Subjects who participated in the audibility tests also confirmed the effect of inharmonicity
as well as phantom partials.
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CONCLUSIONS

Inharmonic Dispersion Tunable Comb filter along with loss filter can be used to model
stiff string of any musical instrument which generates inharmonic sound. The model is
simulated as a virtual piano which can be used in general to study the behavior of the
instrument for different parameters like inharmonicity coefficient, number of partials,
decaying rate of partials, frequencies phantom components etc.

The inharmonic dispersion tunable comb filter can also be used to find the accurate onsets
of the piano notes played during the song. The other application of the method is in
development of automatic transcription system which extracts pitch, amplitude, duration of
the note from the audio data.
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